
FRITZ ,\:\D THCRSTOX 
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\Ve assume, with ,\nder:::on, that Ko and Ko' will 
be determineJ from ultrason ic measurements at 
low or modera te preS-lIfes, '" e require m > ° 
and a > 0, B~' appropriate choice oi the posi
tive parameters a and 1n, the resulting pressure
volume relation ca n be made to fit the data 
and at the same time predict reasonable be
havior on the enti re range P > 0, even when 
Ko' < 0, If m = Ko', both this relation ancl 
Keane's reduce to :-Iurnaghan's formula, 

Equation 2 is only one of m:1I1Y p05:,ibilitics 
of functions that would be su itable, :\, fel\, other 
possibilities are noted in Appendix A, There is 
no strong reason for choosing equation :2 ol'er 
the others, In this connection, it should be em
phasized that the pressure-volume relation in 
the range of available data is relati l'el~' insensi
tive to departures of the bulk modulus K(P) 
froll{ its initial tangent. The initial tangent to 
the CUf\'e K (P) versus P can be obtained 
ratber prec ii'el~', but it would be \\Tong to attac h 
any great significance to a function l{ (P) simply 
because tbe resulting pressure-volume relation 
agrees with the available data, 

CHOICE OF PARA~[ETERS 

By differentiat ion of equation 2, 

2a2(Ko' - Ill) 
(P + a)3 

Definin~ C to be the value of this der1vatil'e 
at P = 0, we obta in 

2(Ko' - 111) 
a 

(3) 

Here Ko" is the val\le of d'K/ dp' at p = 0, We 
h:we required a > ° and ?n > ° in order to 
obtain ]'('a50I1:\ble behal'ior on P > 0, Since 
a > 0, C and [Ko' - m] mu~t be of opposite 
sign, This l11e:lIlS that 1n > K.' if C > ° and 
m < K,,' if (' < 0, 

Xo\\' iii is tile val\le of dK/ dp in the limi t as 
p 4 00, Sinre th is limit can nel'l'T be attained 
exprrim(,llt:dl~', \\'e arc free to choo:,e any In ;:::: ° 
that fit ii the available da ta, HOII'el'er, some 
theoret ical t!:uid:lIlre is providcd hy the thcory 
of solid ~, For ex:\mpll', Lrlll dau alld Lifshitz 
[lD53J :;t:lte that for a ~ lI lfiei(, I1tly eompn',",~cd 

iiuustance, the efrect of the interac tion of its 

-
-

atomic electrons with the nuclei becume' ill -._ 
nificant, and the substance m:1y be reganJ<.d 
a degenerate perfect Fermi electron ~: I ~. I,' 
which the yalue of dK/ dp in the nomelatil'i ," 
and extreme relativistic approxim :ltion~ i,: .-, 
and 4/ 3, respec ti\'ely, It :5hould be noted II ' 
these values apply only at ext remcly high pr. 
sures, According to the same source, th(' I':d l! 
5/ 3 is for 10" atm » p » 5 X 1Q'Z'O/> :tIl 
\I'here Z is some ayerage atomic number of II :. 
substance, whereas the value 4/ 3 is for p » II) 
atm, For sodium (Z = 11 ) the inequality I, ' 
the yalue 5 '3 becomes 1Q' ~ » p » 1.5 X II I 
atm, This ra n~e is far abo\'E~ the range of :tI l' 
experimental data and probably even abol'e Ih. 
range where extrapolations are needed! 1'1.. 
highest yalue of pressure iotmd in compiling ti l' 
present comparisons is a shock l\'[lye point al 
1.5 X 10· fit m for aluminum oxide, Bird, 
[1963J has est imated the pressure at the CCllt", 
of the earth to be of the order of 3.4 :-Ih, hI 
general, it ~ considered normal for dKjdp II' 

decrease slowly in a monotone fa ::hion a~ th· , 
pressure increases , Equ:1 tion 2 provides t h, 
monotone beh:1I'ior, but the lel'eling ofT .. I 
dK/ dp to within a fe\\' per cent of the yalll!' /1/ 

takes place at pressures p of the order of lOa/\. , 
which, for reasonable values of a, is very lOll 
compared \\'ith 10" atm, Therefore, in order 10 

simulate the expected behal'ior oyer the pr,·" 
sure range where the ex trapolation is desircd, il 
is not unlikely that the best 11/. to use in e'1ll:I' 
tion 2 should be subst1l1tially lara-er than fi :~ 

This is not a \'ery sensitil'e point, however, ;; ill "" 
the parameter a (or C) remains undetermined, 
and the initia l \'aIue of the second deriv:1til' l' , 
gi\'en by equation 3, can still be adju;,tec\ hI' 
proper choice of a, 

The values of the first two pressure deri\':I' 
tivcs of the bulk modulus at P = ° and I"" 
limiting I':t!ue of the fir~t deril'a ti\'e as P ~ :I. 

may be m:1tchcd to the corresponding \,:1 1111" 

. from the :£\:e:1I1e equation by using the ~:I1 IJO 

.r r and Ko' both Po"ii i\ 

l{ ' ?It - 0 = 2l/\'. 
:hi:; expression was obt :lil 
,on to the smallest v:1.lul' 
I fa ll to zero on - a ' 

./: « K/'. The cond it i. , 
'IIIllously to zero on P < I 

'II ' instability' condition, 
lI:ttically whene\'er Ko' :::
I. lt considered essential ["1 

, 'IJbting on P > 0, bll t. I 

,t her guidance, it seemp, 
ritcrion for relating tIl(' I 

tl' rs, say ?It and C, wh\'1 
:Io,: itive, The idea that I 

-t1l:\ llest value that alloll 
," \\'S from the feeling LIt. 
/\/, needed to avoid a "il 
his case, is likely to gi \'i 

',10 large to be a ('orr 
IK/ dp 'as p 4 00, 

" 'hen Ko' < 0, as fo r 
illrmulas including tho,,,. 
Keane necessarily precli., 
I)) on P > 0, Although 1 
'atastrophe, and could f ' 

,. rl \'antageous (beeau::ic .1 

1\,,' < ° could be pre~\lll 
'r:lI1sition, through 'I' ll 
,ltould not be contimH'd 
It' l'csting to note that tl1l' 
'\Ich an instability to ,. 
I sufficiently high pO~ 1I 

,s illustrated in Figul'l' 
IWSUS P for three dilT. 

1\; = -6.5 and 1n = I 
;Ipplics to vitreous sili c:1 
,II/derson, 1961]. 

COl\1PBE::' :<l< ' 

yalues of J\.o' and m in the tl\'O equation:, :111. 1 

setting a = 2/ Ko', or, equi\'alcntly, C :. 
-Ko'(Ko' - m), ,\ simib r match to the Hirr:) 
equation with Ko' = 4 [Birch, 1938, Hl.j '~ I. 
requircs 1n = 7/ 3 and C = -35/ 9, Whl' !'!'I - I 

for Ko' ¥= 4, a match requires Tn = :{ :111,1 

The next task is to n ' 

"rl'"'sure, subject to (''I 

'1I1 11 of the bulk modlll .. 

K = -

C = -Ku" + 7 Ko' -lH 9, 
In the cOlll p:lri:;o l1 ::i to be presented hel'(', I I 

aruitr:lrily ehu:;e m = 5 3 when C < 0, :111': 
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